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Dynamic Analysis of the Rigid Rotor System
AKIRA AZUMA*

University of Tokyo, Tokyo, Japan

A unified dynamic analysis for the rotor motion of the rigid or nonarticulated rotor system
in a hovering state is presented. The dynamic behavior of the rigid rotor as well as that of
the conventional rotor is expressed in a simple linearized mathematical form by using com-
plex variables. The available control moment and the necessary phase shift for a given cyclic
pitch input are obtained in general formulas and charts. Generally, the control and damp-
ing moments of the rigid rotor system increase with the increment of the napping stiffness,
but there is a critical stiffness at which the aforementioned moments will be maximum.
Optimum napping stiffness may be given so as to avoid unfavorable coupling motion between
roll and pitch. It is not always necessary to install the control gyro, because similar sta-
bilizing effect may be obtained by using the proper blade configuration without a special
gyro system. The necessary control phase advance is also given to avoid cross control of the
rigid rotor system.
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Nomenclature

= lift slope
= tip loss factor
= number of blades
= constant given by Eq. (22)
= blade chord
= shear force at flapping hinge
= time reponse function given by Eq.

(21)
= gravity acceleration
= hub location from the center of

gravity
= moment of inertia about flapping

hinge given by Eq. (6)
= horizontal and vertical inertia given

by Eq. (39)
= gyro moment of inertia about spin

axis
= imaginary
= constants given by Eq. (9)
= nondimensional flapping stiffness

given by Eq. (14)
= spring stiffnesses for the flapping and

feathering angles
= aerodynamic and mechanical restor-

ing stiffness for the feathering
angle

= aerodynamic and mechanical damp-
ing along the feathering axis

= the kp at which the maximum mo-
ment is obtained, given by Eq.
(33)

— the kp at which no coupling motion
is presented, given by Eqs. (35) or
(36)

= spring stiffness of control gyro
= control rod location from the shaft
= gearing length of stick control
= aerodynamic flapwise moment given

by Eq. (3)
= inertial flapwise moment given by

Eq. (4)
= mechanical flapwise moment given

by Eq. (5)
= moments along the body coordinate

system
= complex gyro control moment given

by Eq. (49)
= complex body control moment given

_______ by Eq. (27)
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Me = Mfa + M0b .= external moment along feathering
axis given by Eq. (42)

m = mass of the blade element for unit
width

p = rotor angular velocity along —A7

axis
q = rotor angular velocity along Y axis
R = blade radius
RB, RG = geometrical quantities about feather-

ing mechanism given by Fig. 8
r = radius of the blade element
rc = radius of the blade cut-out
rp = radius of the flapping hinge location
f — radius of the blade center of gravity

given by Eq. (6)
S = rotor area
2^1/2 = time required to damp out to the

half-amplitude
t = time
W = body weight
Wp = weight of the blade out side of the

flapping hinge
X, Y, Z = rotor coordinate system; X axis is

positive backward
XB, YB, ZB = body coordinate system; XB axis is

positive forward
x = r/R = nondimensional radius of the blade

element
xc = rc/R = nondimensional blade cutout
xp = rp/R = nondimensional radius of the flapping

hinge location
y = nondimensional chordwise distance

of the blade element
z = nondimensional height of the blade

element
/3 = blade flapping angle measured from

a plane normal to shaft
(3 = — jSis + ifiic = complex blade flapping angle
jSic, j8i« = first harmonic Fourier coefficients of

the flapping angle
0o = coning angle
7 = Lock number given by Eq. (10); also

necessary phase shift to avoid cross
control, given by Eq. (56)

A = quantity given by Eq. (53)
5S = — 50 + id$ = complex control input
50, §0 = control stick input
£ = —p + iq= (d/dt) £ = complex angular velocity of the ro-

tor shaft axes
e = lead caused by chordwise deforma-

tion
£ = — $ -j- iQ = complex body attitude
£<? = — <f>G + iOa = complex control gyro attitude
77 = lead angle of the blade elastic axis

with respect to feathering axis
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Superscripts

A = (d/dt)A

Subscripts

B
G

pitching angle of the body
blade feathering angle
complex cyclic pitch
collective pitch '
blade twist
first harmonic Fourier coefficients of the

cyclic pitch
pitching and rolling angle of control gyro
characteristic roots of the equation of

motion
constant inflow ratio
complex inflow ratio
first harmonic Fourier coefficients of the

inflow ratio
air density
solidity
rolling angle of the body
rolling angle of the rotor
phase angle
rotor angular velocity

= time derivative of A

Shaft

= body coordinate system
= gyro

C, I = centrifugal and inertial forces

Introduction

IT has been found that the so-called rigid or nonarticulated
rotor system provides high potential, specifically in the

field of stability and control of the advanced helicopter. The
most attractive gain with adopting the rigid rotor concept
must be the large increase in control power.

The dynamic characteristics of the rigid rotor system have
been analyzed by Payne8 and investigated practically by a
few companies1"4'7 through analytical studies, wind-tunnel
tests, and flight tests. It must, however, be necessary to pro-
vide legible working charts and also to suggest an appropriate
flapping or lead-lag stiffness with necessary performance for
a given rotor configuration.

This paper describes a unified analysis of the dynamic
rotor behavior not only for conventional or articulated rotors
but also for rigid or nonarticulated rotor system by using com-
plex variables about physical quantities of the rotor motion.
The effect of the increase in flapping stiffness on the rotor
dynamics as well as on control power will, therefore, be ap-
parent from the present analysis.

Flapping Motion

In this section, a blade flapping motion of a so-called rigid
rotor system operating in a hovering state will be discussed as
one-degree-of-freedom motion about its flapping hinge, on
which a spring is mounted so as to increase the blade flapping
stiffness, as seen in Fig. 1. It is further assumed that the
flapping motion will be limited by the first harmonic motion of
each revolution of the rotor blade; i.e., the flapping angle /3
with respect to a plane being orthogonal to the rotor shaft is
given by

wherein \l/ is the phase angle of the blade measured from one of
the axes of a rotor coordinate system or from the X axis, which
is normal to the shaft axis. Thus, the rotor motion is represented
by the inclination of the tip path plane that responds to the
control input or the body motion, but the coupled motion of
the rotor and the body is not considered.

The differential equation of blade flapping motion is de-
rived for the aforementioned assumed rotor by equating the
blade aerodynamic moment MA, inertia moment MI} and

Plane normal to shaft

Horizontal Plane

Fig. 1 Blade flapping motion.

mechanical moment Mm about the flapping hinge as follows :

MA + M, + Mm = 0 (2)
where MA, MI, and Mm are, respectively, given by5~7 (see
Figs. 1 and 2)

B4

- x$ X

B*

\ Q

( WB . \IB + —- rrp ) X
Q /

20 (-p cost + q sini/O + rWp (4)

Mm = -
(5)

is sin i

where

= I m(r —
J *$

dr = I mg(r — r^dr (6)
J r$

Plane no'rnal
to shaft

Shatt

Fig. 2 Tip path plane and plane normal to shaft.
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a) Gain

b) Phase

Combining Eqs. (7) and (8) with i = (-1)1/2 as

5 = -A. + ipic
e = -ft. + iele

and

e = — p + iq

(ii)

then a unified equation of the complex flapping angle § is ob-
tained as follows:

(12)

Steady Terminal State

For steady flight, i.e., p = q = 0, the terminal state of the
flapping motion is given by Eq. (12) as

• (0- (13)

wherein

K p=0

c) Vectorial expres-
sion

Fig. 3 Flapping angle in the steady terminal state.

Substituting these moments given by Eqs. (3-5) into Eq.
(2), one equation for the nonsinusoidal component and the
following two equations for the cosi// and sin^ components,
which determine the rotor tilt angle with respect to shaft,
are obtained, as follows :

, (7)

+ Kttl3ls + <^ + O2 ̂  frp}> ft, - 2^/3lc
' T leff l

~ frA

(8)

where K is

and 7 is the Lock number, given by

7 = pacR*/Ip

(14)

The preceding results correspond to those obtained in Ref. 8.
For the conventional or free-flapping rotor, the following

approximation may be established:

p2 + K2)112 = K

(10)

(15)

Also, for the special case in which Xic = \ls = 0 (constant in-
flow distribution), Eq. (13) will give the following simple rela-
tion :

(3 - i6 or 8 = -ig (16)

For spring-constrained or rigid rotors, it will be appreci-
ated that the complex flapping angle (3 will change in both
magnitude and phase corresponding to the coefficient [K/(Kp2

Kp, which is an equivalent spring stiffness given in Eq. (14),
will change from a small value to infinity as the spring stiff-
ness increases, whereas K is the damping term given by Eq.
(9) and is affected mainly by the Lock number. The Lock
number will usually fall in the range of 7 = 3-12, and hence
it may be assumed that K falls within a range from zero to two.
In many cases, the aerodynamic damping about the flap-
ping motion is substantially large, so that the mechanical
damping as well as blade-pitch feedback due to flapping may
not be necessary.

For the estimation of the [K/(Kp2 + K2)l/2]e~i tan-i(-x/tf/s),
Figs. 3a and 3b show the graphical representations of
K/(Kp2 + K2)l/2 and - t&n.~l(-K/Kp}, respectively, for var-
ious values of Kp and K.

From these figures it will be seen that as the spring stiff-
ness or Kp increases, the phase will decrease from 90° to 0°,
and the gain will decrease from 1 to 0; also, predominant
change will occur within Kp = 0.1-10 or, more limitedly
speaking, around Kp = 1.0. It may, therefore, be ap-
preciated that in a complex plane the vector of the flapping
angle will trace on a semicircle for any K, as shown in Fig.
3c; and if only one-direction cyclic pitch — 6i8 is introduced,
the tilt angle of the tip path plane will be reduced as spring
stiffness increases and the tilt direction will change from for-
ward to right ward.
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Transient Rotor Behavior

In order to trace the transient motion of the tip path plane,
the characteristic roots of Eq. (12) must first be found, such
as

X,
X2

(17)

As previously mentioned, the aerodynamic damping Kti is
generally large enough to damp out the rotor motion within a
reasonable time compared with the helicopter body motion.
It is usually realized that in Eq. (17)

1+Kp- (K/2Y > 0 (18)

Within the range of K = 0.5-2.0 with ft = 30 sec"1, the
time required to damp out the half-amplitude TI/Z is about
TV sec-^V sec. It will, therefore, be appreciated that Ho-
henemser's assumption, under which the blade dynamics can
be treated as a sequence of steady-state conditions, may still
be valid even for the rigid rotor.

Now, let us consider the flapping response for the body
motion. The flapping equation due to the body motion will

a) Kp = O(K = 1, ft = 30

b) Kp = 1.0 (K = 1,
ft = 30 sec-i)

c) Kp = 10 (K = 1,
ft = 30 sec-i)

Fig. 4 Step response of the flapping angle.

be given by

(Kp
(K - i2)Qe (19)

For the step input of e, (3 (t) will be given as

R = A ( K' + 4 V /2 f t an- iff o V#2 + w e

(20)
wherein

f(t]K9Kp) -

ei[QCt

tint J (2 + Kp -
2C X

2C)1/2

2(7

and
_ r-i— [1 —

Then the terminal conditions are given by

at t = 0 g = 0

S? + 4 V 7 2 , .at t =

(22)

(23)

It must be noted that even in the case of the free-flapping
rotor there is some phase shift between (5 and E.

The response for the cyclic pitch input is given from the
following equation:

g + (K - i2)12g + (Kft - iK)W$ = 02#e (24)
For the step input of 0, the time response is given by

5(0 = (K? + g«)1/* e~{ tan"1(-x/^ •/(«; ̂  ̂ ) (25)
The terminal state of the preceding equation has already
been discussed in Eq. (13).

The f unction f(t; K, K$) will characterize the time response
of the rotor system, so that the remaining part of this section
will be devoted to the discussion of this time-response func-
tion of the rotor.

As examples, let the following parameters of the/0; K, KB)
be selected:

K = 1 = 0, 1, 10
and (26)

0 = 30 rad/sec

Figures 4a-c show the time-response curves of the f(t; K,
Kp) for the unit step input. In these figures, each of two fine
curves shows the respective two terms of Eq. (21), and their
origins are shifted from -1 to 0. Each thick line in the
figures shows the whole response of/0; K, Kp) correspond-
ing to Kp = 0, 1, and 10, respectively.

It will be seen from the figures that as Kp increases, the
amount of coiling about a terminal point and the number of
modes or cusps become large but the elapsed time remains
constant. If Kp increases, the twisting around the terminal
point is also changed from a counter-clockwise to a clockwise
direction or from a similar direction to rotor rotation, because
of the sign change of 1 - C. Although the rotor tilts very
quickly for large Kp, the vibration of the rotor mast must be
more severe than the vibration of the free-flapping rotor.
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Hub Moments

In this section the moment acting on the hub of a single
rotor will be analyzed. The complex body moment in a
hovering state will approximately be given by

M
(27)

(0 + ifl -

(ike + ke 0)0 + (f +

f vv B ,
! - -* 7-0 (f + +

Since the relation (16) has been established, in the free-
flapping rotor the first and second terms of the aerodynamic
components in the foregoing equation may be canceled out.
Even in the case of the rigid rotor, either the aerodynamic
terms

- As)

or the feathering stiffness

77 (^e

are so small compared to the remaining terms that the con-
trol moment of Eq. (27) will be approximated as

b_ Wp
2 flf '

9
(28)

Under the present assumption, the flapping angle (3 will be
rewritten from Eqs. (13) and (23) as

K

_
Si +

l/2
(29)

Thus, the control moment of a helicopter due to cyclic pitch is
given by

MB
0 Wh X

(30)

In the case of the free-flapping rotor or kp = 0 and K8 <<C K,
the aforementioned moment will be approximated by

e
. . 6 ̂  , ,

= M ̂  „ r? (r + ' -f- Wh (31)

This is the well-known result for the control moment of the
conventional rotor system.

In the rigid rotor system, however, the change of the ab-
solute control moment because of the flapping stiffness varia-
tion is given by

MB K f 6 V*
i2K ~

(32)

Thus the maximum control moment will be given at

El (- _L _L ElL\ = K= K8m (33)

The damping moment due to the body turning rate E
is given from Eqs. (28) and (29) as

K + 4 \ ii
v

b I. JL b W (- J.
2 ^ + 2 7 ^ ( r + + Wh} +

a
- -* r0 (f +

,}
(34)

In the aforementioned damping moment it may be im-
portant to reduce the phase difference between the damp-
ing moment and turning velocity. This will be attained by
keeping the following relation:

A~ 1 rJ
Wh

Wh = 0 (35)

In the foregoing equation it will be assumed that r$ « f and
the term Ipg/W$rp(f + rp) will be predominant for the usual
rotor configuration, or the second term of Eq. (34) may be
neglected; therefore, the flapping stiffness causing no coupling
motion, Kpn, may be given by

Kpn = K*/2 (36)
If a more precise value for Kpn is needed, a positive solution
of Eq. (35) will have to be obtained, which is a little bigger
than the Kpn of Eq. (36).

It may be interesting to say that in conventional
rotor configurations the relation Kpm ^> Kpn is established.
Therefore it may be desirable to select the flapping stiffness
as KB = KSn as long as sufficient control moment is still ob-
tained for such a configuration. Hence the damping moment
will then be given by

1 ^(^n + 2)
X

w,,
F^ rf (f + rs) V + (37)

If the aforementioned assumption [that the second term of
Eq. (34) is neglected as a small quantity] is still effective, the
maximum value of |M#/£| will also be given at KB = K$m.

Feathering Motion

A study of the free-feathering blade motion will be con-
sidered in this section for a balanced rotor system that is con-
trolled either through a control gyro or directly from the
swash plate sustained with a spring system. The spring is
installed either on the first control rod, located between the
pilot's stick and the swash plate, or on the second control rod,
located between the swash plate and the control gyro, to
balance the feathering motion of the rotor blade (see Fig. 5) .

By referring to Fig. 6, the feathering motion will be ob-
tained as1

(In + Iv)6 + kg& + {ke + (In - = Me (38)

where M6 is the external moment along the feathering axis,
ke and ke are restoring and damping moments, respectively,
caused by the aerodynamic force and, if necessary, mechanical
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i second control rod

- Swash plate
Spring

f irst confrol rod

b)

Fig. 5 Control mechanism.

arrangement installed on the feathering axis, and IH and ly
are moments of inertia given by

In =
lv = fffcWdm

(horizontal inertia))
(vertical inertia) f

(39)

The external moment Me consists of two parts, one of
which is the moment due to the blade deformation and the
other the forced moment given from either the control
gyro or the swash plate itself.

As can be seen from Fig. 7, the moment given from the
blade deformation, MQa, is

MQO, = kp/3r) + /3e(/cc — kp) (40)

and if the elastically matched rotor is used, the preceding
equation will be

Mea = (41)
Usually, ry is so small a quantity that the M9a can be neg-
lected.

The remaining external moment Mdb is then expressed as

Mgb = Me - Mea
(42)

Elastic axis
before deforming

F e a t h e r i n g axis

Fig. 7 Moment caused by blade deformation.

Since the Meb is the external moment for the blade feather-
ing motion, the —M$> must be an external moment for the
control gyro motion. Thus the resolution of rolling and
pitching moments applied to the control gyro by a single
blade, as shown in Fig. 8, yields

-Mxn = (RG/RB)M6b sin(^ + 7)

MYGl = (RG/RB)Meb cosOA + 7)

By using Eq. (42) and the geometrical relation

6 = -(RG/RB){(BG - 6) cosGA + 7) +

(43)

+0o (44)

the resultant moment for whole blade will be given by

= (b/2)(RG/RB)*[(IH

i2Q(EG - e)} + ke{-(iG ~ e)

(45)

where ke and k& are assumed to be independent on the blade
position and

£G = -</>G + iOo (46)

Fig. 6 Feathering motion of the blade element. Fig. 8 Geometry of the feathering mechanism.
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The gyro control moment MGa will be given by a control
stick deflection through a spring, as shown in Fig. 5

MGa = M XGa

where

ide

(47)

(48)

A __

[{2kGl + b(Ro/RB)2(ke -

wherein the phase shift i on the top of the right-hand side of
the equation is an approximation of

exptf tan-1 [28(70 + b(RG/RBY(IH + lv)}/b(RG/RB)*ke})

The transient motion of the foregoing system will quickly
and directly damp out because the damping coefficient
has the order of. 0.18, and also the frequency (A/2)8 is very
small. Thus the complex pitch angle is soon attained, as

(55),211/2

(49) f

Since the equation of gyro motion is given by

MG = MGa + MGb = (I o/2) (BO - i2tt'G)

the following equation will be obtained :

to{Io + b(RG/RBY(IH +Iv)} +
iG[b(RG/RB)*ke - i2tt\IG + b(Ro/Rs)z X

+ b(Ro/RB)2(kb -

b(Ro/RB)2 [(In +
{(ke -

21 (50)

The relation between complex cyclic pitch 0 and the gyro
tilt angle EG will be given by the relation (44) as:

0 = -( (51)
Consequently, Eq. (50) may also be considered as the cyclic
feathering equation.

From Eqs. (50) and (51) it will be appreciated that the
high-frequency-body motion will be attenuated by the large
IG so that the control gyro is necessary to compensate the gust
reaction, but is not essential, as shown in Fig. 5c, for the
stability and control of the rotor system itself if RG/RB and
IH + Iv are properly selected.

Now, by neglecting the flapping term in the right-hand side
of Eq. (50) and assuming the proper inertia for the blade
feathering motion, i.e.,

b(RG/RB)2ke/2tt{IG + b(RG/RBY(IH + I v ) } = 0.1
the characteristic roots of Eq. (50) will be approximated by

iQ {1 ± (1 +A)1 /2}

(52)

(53)

la + b(^}\la + .

wherein A is given by
2kol + b(RG/RB)*(ke - 27F8A =

and may be a very small quantity (A « 1). Hence, the
higher-frequency term of Eq. (50) can be neglected and the
gyro attitude for the control input will be approximated by
the first-order complex equation as follows J:

(54)b(RG/RB)\IH

t It is assumed here that the moment of inertia of the swash
plate is negligibly small.

% A similar approximation will be applicable to Eq. (12) when
Kft = (K/2)2, as seen in Eq. (17).

Substituting the foregoing relation into Eq. (30), it will be
found that to avoid the cross control, the phase shift 7 should
be

7 = -
b(RG/RB)*(kd - 21 (56)

In actual application the foregoing phase shift will be ob-
tained by an additional means that will make up the phase
shift given by the mechanism of Fig. 8.

Conclusion

The unified mathematical treatment of the rotor dynamics
for either rigid or conventional rotor systems has been pre-
sented. The dynamic rotor behavior in the first harmonics
has been shown for various flapping stiffnesses. The avail-
able control moment and the necessary phase shift for a given
cyclic pitch input have been obtained in the charts
(Figs. 3a-c) and shown as a semicircle. It has been noted
that an optimum flapping stiffness may be given for a given
rotor configuration, so as to avoid unfavorable coupling mo-
tion between roll and pitch. By proper selection of the
damping or the moment of inertia about the feathering mo-
tion, i.e., ke/2£l(lH + Iv) = 0(10~1), the control gyro may be
omitted if the gust reaction is not essential. The control
phase advance necessary to avoid cross control of the rigid
rotor system has also been given by Eq. (56).
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